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Abstract: The axion is one of the best motivated candidates for particle dark matter. Its
predicted contribution to the matter content of the universe makes it worth looking for in
axion search experiments like ADMX and CAST. However, under very general conditions,
axions produced by the misalignment mechanism during inflation will also induce too large
isocurvature perturbations, which can be strongly constrained by recent observations of
the CMB and LSS. In particular, for inflation taking place at intermediate or high energy
scales, we derive some restrictive limits which can only be evaded by assuming an efficient
reheating mechanism, with Trh > 10
11 GeV. Chaotic inflation with a quadratic potential is
still marginally compatible with the axion scenario, provided that the Peccei-Quinn scale
fa is close to 10
10 or 1011 GeV and the reheating temperature is slighly above, Trh > fa.
Isocurvature bounds eliminate the possibility of a larger fa and a small misalignment angle.
Isocurvature constraints on the axion scenario must be taken into account whenever the
scale of inflation is above 1012 GeV; below this scale, axionic isocurvature modes are too
small to be probed by current observations.
Keywords: axion, dark matter, isocurvature perturbations.
1. Introduction
The fact that the strong sector of the Standard Model conserves the discrete symmetries
P and CP while the electroweak sector doesn’t, also known as the strong CP problem, is
considered a serious puzzle for modern particle physics [1]. The most elegant and compelling
solution to this problem was proposed in 1977 by Peccei and Quinn [2] with the introduction
of a new U(1)PQ global symmetry at high energies. The symmetry is spontaneously broken
in the early universe and the resulting Nambu-Goldstone boson is known as the axion [3].
Non perturbative effects at the QCD scale give a potential to the axion, whose minimum
eliminates the CP-violating terms, thus agreeing with the observed electric dipole moment
of the neutron [4]. Even though the existence of the axion was postulated soon after
the Peccei-Quinn proposal this particle has never been detected by any direct or indirect
searches, see e.g. [5].
The axion mass and couplings to the rest of the matter are inversely proportional to













where z = mu/md ≃ 0.56 is the mass ratio of up to down quarks, and mpi, fpi are respec-
tively the pion mass and decay constant. The generic tree-level coupling to photons γ and
fermions f reads




~E · ~B + i gf
mf
fa
a(x) f¯ γ5 f , (1.2)
where ~E and ~B are the electric and magnetic fields, α is the electromagnetic coupling
constant, and for each species gi is a model-dependent coefficient of order one. The different
ways in which the symmetry is accomplished, and then broken, give rise to different axion
models that forecast similar axion properties. Nevertheless, there exists one remarkable
distinction between them, which is the predicted coupling to electrons; for the “hadronic”
models, such as the KSVZ model [7], one has ge = 0, while the tree-level coupling does not
vanish for the non-hadronic DFSZ models [8]. The other couplings are of the same order.
For example, gγ = −0.36 in the DFSZ model, while gγ = 0.97 in the KSVZ model.
In the original axion model a physical meaning was given to the symmetry breaking
scale by fixing it to the electroweak scale, i.e. fa ∼ 100 GeV, which was soon ruled out by
direct searches (see, for example [1, 5]). In the currently accepted invisible axion model,
the scale fa is in principle arbitrary, well above the electroweak scale so that the axion
coupling to matter is weak enough to pass undetected, for the moment. There are at
present several experiments searching for the axion in the laboratory, like ADMX [9] and
CAST [10], which have recently reported bounds on the axion coupling to matter [11].
Moreover, such a field acts like a weakly interacting massive particle and could consti-
tute today’s dark matter. In fact, the axion is, together with primordial black holes, the
best non-supersymmetric candidate for particle dark matter. It could have the correct relic
density ρcdm today for matching constraints from Cosmic Microwave Background (CMB)
and Large Scale Structure (LSS) observations, and its velocity is so low that it constitutes
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which are typically smaller than the scales on which dark matter is expected to cluster,
and larger than the classical inter-particle distance λcl = (ma/ρcdm)
1/3. The axion is thus
a Bose condensate with large occupation numbers, but on relevant cosmological scales it
behaves like particle dark matter.
Also, since in the small coupling (large fa) limit the axion remains effectively decou-
pled from the rest of the particle species, its fluctuations during inflation could induce
isocurvature perturbations in the CMB anisotropies spectrum which would in principle be
observable today [12, 13, 14, 15, 16, 17, 18]. We will take into account these two facts to
put strong constraints on its relic density and its mass today.
The paper is organized as follows: in Section 2 we review the different production
mechanisms, focusing on the misalignment angle and the consequences of the De Sitter
stage during inflation; in Section 3 we study the induced isocurvature component; in Section
4 we present the additional constraints bounding the axionic window; finally, our results
and conclusions are described in sections 5 and 6.
2. Production mechanisms
As pointed out in the introduction, the Peccei-Quinn global U(1)PQ symmetry is spon-
taneously broken by some scalar symmetry breaking field ψ = ρ/
√


















where N is the number of degenerate QCD vacua associated with the color anomaly of
the PQ symmetry. Spontaneous symmetry breaking (SSB) occurs when the energy density
of the universe falls below VPQ and the field acquires a vacuum expectation value (VEV),
ρ = fa/N . Note, however, that SSB is effective only when the typical fluctuations on δρ are
smaller than fa/N . If either T or Hinf are of order fa/N at reheating or during inflation,
thermal [19] or quantum [20] fluctuations (respectively), will modify the effective potential
and restore the PQ symmetry.
Let us focus now on the case where no symmetry restoration occurs, and the radial
part of the field oscillates perturbatively around the value fa/N after the symmetry is
broken (we will come back to the case with symmetry restoration in later sections). The
phase of the field, Θ, moves along the flat direction of the potential and remains massless.
This is the Goldstone boson of the PQ symmetry breaking associated to a residual global






As the universe expands, and its energy decreases to about ΛQCD, the non-perturvative
instanton effects tilt the previously flat potential and the phase symmetry is explicitly
broken [4]. The new induced potential is




which is obviously no longer flat. The axion field acquires a mass about the minimum of
the potential that depends on the temperature in the vicinity of T ∼ ΛQCD as [21, 22]











where ma is the zero temperature axion mass (1.1) and C is a model-dependent factor
calculated in Refs. [21, 22] to be of the order of C ≃ 0.018. The field equation of motion is
a¨+ 3Ha˙+ V ′(a) +
1
R2
∇2a = 0 , (2.5)
where V ′(a) = ∂V/∂a, with ∇2 the comoving laplacian, and R is the scale factor of the
universe. If the axion field is initially sufficiently close to the minimum of the potential
when it acquires its mass, then V ′(a) ≃ m2aa. Otherwise, anharmonic effects should be
taken into account by inserting in (2.5) the actual instanton contribution to the mass of
the axion. In either case, the mass and the potential term are time-dependent.
Axions are produced in the early Universe by various mechanisms. Any combination
of them could be the one responsible for the present axion abundance. We will briefly
describe here the different scenarios and production mechanisms. For detailed reviews see
Refs. [1, 5].
2.1 Thermal production
If the coupling of axions to other species is strong enough (i.e. fa low enough), then
axions may be produced from the plasma in the early universe and it is possible that an
axionic thermal population existed at high energy. If this is the case, a relic density of
thermally generated axions would be present nowadays and could significantly contribute
to the current cold dark matter component of the universe.
The two main processes that dominate the thermal production of axions are photo-
and gluon-production and pion-axion conversion (the axion and the pion share the same
quantum numbers and thus they can oscillate into each other). Since nucleons and mesons
only exist after the quark-hadron transition, the second mechanism is only posible after
T ∼ ΛQCD ≃ 200 MeV. During the thermal equilibrium stage, the axion density normalized
to the entropy of the universe (Y ≡ na/s) acquires an equilibrium value Yeq. Since it is








where g∗,eq is the number of relativistic degrees of freedom at the temperature where
the axions reach their equilibrium distribution. The decoupling of axions from thermal






(Yeq − Y ) , (2.7)
where x−1 ≡ T/m represents the temperature normalized to a convenient energy scale
m ∼ ΛQCD, H is the Hubble expansion rate, and Γabs is the thermal-averaged interaction
rate for the process a + i ↔ 1 + 2, see Ref. [24]. Since Γabs/H decreases and acquires
values < 1 for T < ΛQCD, the axions cease to be in thermal equilibrium with the rest of
the species and they freeze out when the rate of the interactions cannot keep up with the
expansion of the universe. More precisely, it is shown in Ref. [23] that Γabs/H presents a
peak at the QCD scale and then decays exponentially. So, it is possible to find the relic
abundance of thermal axions by integrating forward in time from T ≃ 200 MeV till today
the solution to (2.7),





























which depends on the number of relativistic degrees of freedom at the freeze-out tempera-
ture g∗,F (and not at the equilibrium temperature) and on xqh = m/ΛQCD. We can thus











with Ωa ≡ ρa/ρc = 8πGρa/3H20 . This result applies only when ma > 10−3 eV: otherwise,
the peak value of Γabs/H at the QCD scale is smaller than one, and the axions never reach





together with Eq. (2.10), imposes a bound on the axion mass ma < 14.5 eV. As we will see
in Section 4.2, this bound is overseeded by astrophysical data which forbid a mass range
of 0.01 eV < ma < 200 keV for the DFSZ axion [1, 5].
Hadronic axions are not so tigthly constrained by astrophysical data because they do
not take part (at tree level) in the processes that cause the anomalous energy loses in
stars such as γ + e− → e− + a or the Primakoff effect [1]. Thus, a narrow mass window
remained open until recently for thermal hadronic axions of ma ≃ several eV. However, a
more detailed look at the freeze out temperature and a combination of cosmological data
from CMB and LSS has allowed Ref. [26] to shut the window on the axion mass, ma < 1.05
eV, in a model independent way. We will therefore ignore from now on the thermal axion
contribution to cold dark matter.
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2.2 Axion production via cosmic strings
We already mentioned that the PQ symmetry could be restored at high energy, e.g. by
large quantum fluctuations during inflation, or large thermal fluctuations after reheating.
After each symmetry restoration phase, the spontaneous symmetry breaking (SSB) will
produce a population of axionic cosmic strings. Let us review the three cases in which
axionic strings are produced after, during or before inflation:
• after inflation: if the scale fa/N is below the reheating temperature of the uni-
verse, the PQ symmetry is restored at reheating. Then, axionic cosmic strings will
be produced when the temperature of the Universe falls below fa/N [19]. These
strings typically decay into axion particles before dominating the energy density of
the universe. The axions produced this way are relativistic until the QCD transition,
where they acquire a mass and become non-relativistic. Eventually these axions may
come to dominate the energy density after equality, in the form of cold dark matter.
Estimates of their present energy density vary depending on the fraction of axions
radiated by long strings versus string loops. Three groups have studied this issue and








where ∆QCD = 3
±1 is a “fudge factor” which takes into account all the uncertainties
in the QCD phase transition. Similar bounds were found in [29] following a very
different approach.
• at the end of inflation: the PQ symmetry is restored during inflation whenever the
typical amplitude of quantum fluctuations Hinf/2π exceeds the symmetry breaking







holds throughout inflation, comic strings will be produced at the very end of this
stage. The mechanism by which cosmic strings are produced at the end of inflation
is very different from that of a thermal phase transition and could affect the number
of infinite strings, and thus the approach to the scaling limit, with the subsequent
estimate of the relic density of axions. If, after all, the scaling limit is approached,
then the present energy density of axion will be approximately given by Eq. (2.11).
• during inflation: the PQ SSB could occur during inflation, when Hinf/2π falls below
fa/N . In this case, one expects axionic strings to be diluted during the remaining
inflationary stage, and the relic density will be suppressed by an additional factor,
exp(NSSB), where NSSB is the number of e-folds between PQ symmetry breaking and
the end of inflation. As a consequence, this density should be negligible today, unless
NSSB is fine-tuned to small values by assuming that fa/N is very close to the Hubble
rate at the end of inflation.
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• before inflation: if, for instance, the PQ symmetry is restored at very high energy and
breaks before inflation is turned on e.g. at low scales, the axionic strings produced
in that way, as well as the possible axions into which they may have decayed, will be
diluted by inflation and can be safely neglected.
Note, however, that, apart from axionic strings, there are also axionic domain walls
bounded by axionic strings. In the case that the PQ color anomaly corresponds to N = 1,
the network of domain walls and strings decay away. However, for N > 1, the domain
walls end up dominating the energy density of the universe, contrary to observations [30].
Solving this problem requires breaking the N degeneracy, by slightly lowering the energy
of one of the N vacua and thus inducing the decay of the domain walls. However, this
possibility seems far fetched from the point of view of model building, and we will ignore it
here. A detailed discussion is given in Ref. [31]. From now on, we will assume that N = 1.
We will also assume that the reheating temperature after inflation is not high enough to
restore the PQ symmetry and thus reproduce the mesh of axionic strings. Thus we are left
with only one production mechanism, misalignment.
2.3 Generation via misalignment angle
This production mechanism takes place at very early stages in the universe. When the PQ
symmetry is explicitly broken, the phase of the field Θ may or may not be at the minimum
of its potential. As explained above, a (or Θ) is a massless field during inflation and thus
it fluctuates quantum-mechanically. If the typical amplitude of quantum fluctuations is
large enough, Θ could take different values in different points of our observable universe
after inflation, with a flat probability distribution in the range [−π, π]; otherwise, it could
remain nearly homogeneous. In both cases, at the time of the QCD transition, the (local
or global) value of the misalignment angle Θ1 can differ from zero, leading to the sudden




















for small Θ. (2.13)
Actually, the gradient energy can be safely neglected in Eq. (2.13). Indeed, even in the
case in which the axion is maximally inhomogeneous, i.e. when the phase Θ is equally
distributed in the range [−π, π] in our observable universe at the end of inflation, it is
straightforward to show that at any later time the coherence length (the physical size of
the “homogeneity patches” for a) is always of the order of the Hubble radius. This can be
checked e.g. by solving the equation of motion (2.5) in Fourier space. As a consequence,
and recalling that a is defined in the range [−πfa, πfa], the typical size of the gradient ~∇a
is given by faH. So, the gradient energy scales as H
2 ∝ R−4 during radiation domination,
and at the time of the QCD transition it is at most of the order of (faHQCD)
2. A quick
estimate gives HQCD ∼ 10−11eV, while in the following we will always consider values of
the axion mass much larger than this. So, when the axion mass is “switched on”, the
gradient energy is negligible with respect to the potential energy V ∼ (fama)2.
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Since ma(T ) grows suddenly to values much bigger than HQCD, one can also deduce
from Eq. (2.5) that after acquiring its mass the field quickly rolls down towards the mini-
mum of the potential, since the condition for rolling is ma(T )≫ 3H. After a lapse of time
that depends on the initial value of the misalignment angle, Θ1, the field will reach the
lowest energy point and start oscillating. For the latest stages of the oscillation we have






















becomes a good approximation for the spatial average of the axion density over our ob-
servable Universe.
However, for a precise estimate, it is necessary to take into account the time dependence
of the mass when solving Eq. (2.5). In Ref. [32] the evolution equation is numerically
solved for the case ma(T ) ∝ T−p, and it is found that (2.14) is corrected by a factor
fc(p) ≃ 0.44 + 0.25p, that we will take into account in the final computation of the energy




= const. , (2.15)
where R is the scale factor of the universe. While the energy density varies with the
temperature, the number density na = ρa/ma(T ) is conserved in a comoving volume, which
simply reflects axion number conservation. Thus, the current energy density of axions is




ma na,1 , (2.16)
where s = (2π2/45)g∗T
3 is the entropy density, g∗ counts the relativistic degrees of freedom
present in the universe at a given temperature, and γ accounts for a possible entropy release
after the axion starts oscillating [33]. Solving for T1 from the condition ma(T1) ≃ 3H(T1),
we find a relic axion density
Ωah













If the axion begins oscillating roughly at the time when it acquires a mass, i.e. when the
temperature of the universe is slightly larger than ΛQCD, then g∗,1 = 61.75. In Eq. (2.17),
the spatial average 〈Θ21〉 of the initial misalignment squared angle is not given by any
field theoretical reasoning; rather its value should be inferred from some inflationary initial
conditions and statistical remarks, see below.
2.4 Quantum diffusion of the axion during inflation
Let us assume that the Peccei-Quinn symmetry was spontaneously broken above the energy
scale of inflation, corresponding to the length scales that we observe in the CMB today.
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Thus we need to take into account the effect of the de Sitter quantum fluctuations [34] that
induce a stochastic diffusion of the axion away from the initial value Θi.
The probability P(Θ, Ne) of finding a certain value Θ at a time given by the number




















Thus, as pointed out in [17, 18, 20], a given inflationary domain that starts at a particular
initial value Θi will be dispersed, after Ne e-folds of inflation, by





That is, the field will have randomly walked a distance proportional to the square root of
the number of jumps, in this case given by the number of e-folds.
The Fokker-Planck equation provides a good description of the stochastic evolution of
the phase at a given point in real space; however, it does not give any hint on the spatial
stucture and on the coherence length of the axion field. A straighforward analysis based
on Fourier space reveals that the coherence length (or “scale of homogeneity”) of any light
or massless field during inflation at a given time is given by the Hubble radius at that
time. Since the comoving Hubble radius 1/(aH) decreases with time during inflation, the
stochastic evolution caused by quantum fluctuations can be seen as a process of fragmen-
tation of an initially nearly homogeneous domain into several smaller nearly homogeneous
patches [20].
In the present context, this remark is crucial, because it allows to identify the number
of e-folds Ne which is really relevant in equation (2.20). When the scale corresponding to
the observable universe crosses the Hubble length during inflation (i.e., typically, between
30 and 70 e-folds before the end of inflation), the axion field is nearly homogeneous over
a length comparable to the size of the whole observable universe. Therefore, we should
count the number of jumps starting from that moment (there might be many e-folds of
inflation before that time, but they are only relevant for comparing the axion field value
in our observable universe with that in other unaccessible, disconnected universes). Let us
call the corresponding number of e-folds Nobs, and from now on, let us define Θi as the
average value of Θ inside the observable universe Nobs e-folds before inflation ending.
At the end of inflation, the coherence length of the axion field is smaller than the size
of the observable universe by approximately a factor exp[Nobs]. In other words, the initial
domain of average value Θi has fragmented into many domains of average value Θ(~x), with
a dispersion 〈(Θ −Θi)2〉1/2 given by equation (2.20) with Ne = Nobs.
Later on, causal diffusion tends to smooth the axion field over the Hubble length. Since
after inflation, the comoving Hubble radius 1/(aH) increases with time, the number of
homogeneity patches inside the observable universe decreases (after reaching its maximum
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at the end of inflation). In the next section, we will evaluate the dispersion of the phase
Θ at the time of the QCD transition. By that time, fluctuations on scales smaller than
the Hubble radius H−1QCD have been washed out. Therefore, the relevant dispersion 〈(Θ −
Θi)
2〉1/2 is given by the number of jumps during inflation between Nobs and NQCD, the time
of Hubble exit for the comoving scale kQCD which re-enters the horizon when H = HQCD.







So, the dispersion of the PQ phase at the time of the QCD transition and inside the






At this point, we see that two situations can occur. First, if fa ≫ Hinf , the right-
hand-side in equation (2.20) can be much smaller than one at the end of inflation; then,
the axion field is essentially homogeneous, and the background value Θ1 in our universe is
random but unique. Second, if fa ≤ Hinf , the right-hand-side can be of order one or larger,
which means that the Brownian diffusion of the axion is complete, and the misalignment
angle at the QCD scale is randomly distributed with a flat probability distribution in the
range [−π, π]. Note that in this case, the quantum perturbations of the radial part of the











where the average should be understood as holding over many realizations of the universe
in the case of a nearly homogeneous Θ1, or over our present Hubble radius in the case of
complete diffusion.
Up until this point we have ignored the anharmonic corrections that could arise from
the possibly large value of Θ1. The calculations have been made using the approximation
(1− cosΘ) ≃ 1
2
Θ2, which is obviously not valid for large angles. To take into account this
uncertainty, we will use 〈Θ21f(Θ1)〉 instead of the plain rms value of Θ1. When included,
one finds 〈Θ21f(Θ1)〉 ≃ 1.2π2/3.
3. Isocurvature perturbations from axion fluctuations
If the PQ symmetry is spontaneously broken during inflation, while the scale of inflation
is much higher than that of the quark-hadron transition, the flat direction associated with
the massless Nambu-Goldstone boson will be sensitive to de Sitter quantum fluctuations.
Indeed, quantum fluctuations are imprinted into every massless scalar field present during









If the scale of inflation is high enough, it is possible that quantum fluctuations of the
radial part of the PQ field will restore the symmetry, forHinf/2π > fa [20]. However, in that
case, the effective potential for the radial part (in fact for both the real and imaginary parts)
has a mass-squared at the false vacuum r = 0 which is given by m2eff = H
2
inf/48π
2 ≪ H2inf ,
and thus behaves like a light field during inflation. Its quantum fluctuations become frozen
beyond the horizon and thus leave a long wave perturbation, still described by equation
(3.1).
The axion field perturbations δa do not perturb the total energy density, first because
the potential energy is exactly zero, and second because as explained before, the gradient
energy of the axion cannot exceed ∼ (faHinf)2; for fa ≪MP this is much smaller than the
total energy density (3/8π)M2PH
2
inf . Since the total energy density, and thus the curvature,
are unperturbed by these perturbations during inflation, they are of isocurvature type, and





6= 0 . (3.2)
In the absence of thermal symmetry restoration after inflation, i.e. if the temperature of the
plasma does not reach fa, the axion does not couple significantly to ordinary matter. Thus
the fluctuations imprinted during inflation still do not change the total curvature/density of
the universe on super-Hubble scales during radiation domination, but they may contribute
to the temperature anisotropies of the CMB [36, 37, 38].
Once the axions acquire a mass, it is in principle possible that their interactions with
other particles could drive them into thermal equilibrium, thus converting their isocurvature
perturbations into curvature or density perturbations. However, the axion coupling is so
tiny that it effectively remains decoupled from the rest of the plasma throughout the history
of the universe, even after acquiring a mass at the QCD transition. It cannot thermalize
and this means that whatever fluctuations the axion has imprinted from inflation are truly
isocurvature [39].
We will study here a scenario in which the observable power spectra of CMB anisotro-
pies and large scale structures are given by the sum of two contributions: an adiabatic
mode seeded by the inflaton perturbation, and an isocurvature mode seeded by the ax-
ion perturbations. Since these two fields have independent quantum fluctuations during
inflation, the adiabatic and isocurvature modes are totally uncorrelated.
Let us assume that the Universe contains photons (γ), approximately massless neutri-
nos (ν), baryons (b), axions (a), ordinary CDM such as neutralinos (x) and a cosmological
constant. In the following, the subscript cdm will denote the total cold dark matter com-
ponent, so that Ωcdm = Ωa +Ωx.
• For the mode seeded by the inflaton, the perturbation evolution starts from the initial






δb = δx, while δa = 0. The perturbations in the relativistic components δγ = δν are
themselves related to the curvature perturbation R. Since below the QCD scale the
two types of cold dark matter share the same equation of state, they are equivalent
to a single fluid obeying to the initial condition δcdm = Raδa + (1 − Ra)δx, with
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Ra ≡ Ωa/Ωcdm. For the mode under consideration, δa = 0 and δx = δb, so that
δcdm = (1 − Ra)δb. This initial condition is different from the standard adiabatic
initial condition in a model without axions, δcdm = δb. However, this initial condition
for δcdm is irrelevant in practise, because cold dark matter perturbations do not
leave a direct signature in the CMB anisotropies, while the observable matter power
spectrum today is sensitive to the initial value of R but not of δcdm. This can be
explicitely checked by running a Boltzman code with the standard adiabatic initial
condition replaced by δcdm = (1−Ra)δb: one finds that for fixed curvature spectrum
and fixed Ωcdm, the CMB and LSS power spectra do not depend on Ra. Therefore,
the mode seeded by the inflaton is equivalent to the usual adiabatic mode.
















(indeed, after the QCD transition, the axion fluid is non-relativistic with ρa = mana,
so δa = (δna)/na; furthermore, the fact that δa ≫ δγ implies (δna)/na ≫ 4(δT )/T
and Sa = (δna)/na = δa). Again, it is equivalent to consider the perturbations of
a single cold dark matter fluid, obeying now to the initial condition δcdm = Raδa +
(1−Ra)δx = RaSa. If we compare with the initial condition for a usual “Cold Dark
matter Isocurvature” (CDI) model, given by δcdm = Scdm, we see that the axionic
isocurvature solution is equivalent to the CDI solution with Scdm = RaSa.
In summary, an axionic model with axionic fraction Ra = Ωa/Ωcdm, initial curvature
spectrum 〈R2〉 and initial entropy spectrum 〈S2a 〉 is strictly equivalent to a mixed adia-
batic+CDI model with the same curvature spectrum and 〈S2cdm〉 = R2a〈S2a 〉.
Let us now relate the curvature and entropy power spectrum to the quantum fluc-
tuations of the inflaton and axion field during inflation. For the adiabatic mode, it is






where ǫ is the first inflationary slow-roll parameter [35] and the subscript k indicates
that quantities are evaluated during inflation, when k = aH. In first approximation this
spectrum is a power-law with a tilt nad depending also on the second slow-roll parameter
η [35],
nad = 1− 6ǫk + 2ηk . (3.5)
















This power spectrum can be approximated by a power-law with a tilt
niso = 1− 2ǫk , (3.7)
which is related to the tilt nt of tensor perturbations.
The relative amplitude of isocurvature perturbations at a given pivot scale in adia-
batic+CDI models is often parametrized as [40, 41, 42, 43]
α =
〈|Scdm(k)|2〉
〈|Scdm(k)|2〉+ 〈|R(k)|2〉 . (3.8)
Since the axionic model is equivalent to an adiabatic+CDI model, we can still use the same











where in the last equality we assumed α≪ 1.
4. The axionic window
We now describe the generic constraints on fa coming from different cosmological and
astrophysical considerations. Some of them are generic and apply to every production
mechanism or inflationary scenario while some others are rather model dependent. More
precisely, we will enumerate the different bounds on the axion parameter space (Minf , fa)
associated with the misalignment mechanism of axion production during inflation, Minf






and MP ≡ G−1/2 is the Planck mass. The explicit implications of these bounds are pre-
sented on Figs. 2, 3.
4.1 The scale of inflation
The non-detection of tensor modes [25] imposes a constraint on the inflationary scale. The






< 0.3 at 95% c.l. , (4.2)
which sets an upper bound on the inflationary scale:
Minf < 3× 1016 GeV . (4.3)
In Figs. 2, 3, this constraint corresponds to the hatched forbidden region.
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4.2 Supernova 1987A bounds
The observed neutrino luminosity from supernova 1987A imposes a bound on the axion
luminosity that is saturated for 10−2 eV < ma < 2 eV [5]. Other astrophysical and labo-
ratory searches rule out an axion heavier than 1 eV (see [1, 5] for a detailed discussion).
Therefore, we have:
ma < 10
−2 − 10−3 eV , (4.4)
or equivalently, fa > 10
9 − 1010 GeV. The forbidden region is (blue-)shaded in Figs. 2, 3.
4.3 Axionic cosmic strings production
As mentioned before, in the case of symmetry restoration at high energy, axions can be
produced from the decay of cosmic strings appearing at the end of inflation [20] or after
reheating [19]. Then, we must impose that the corresponding relic density does not exceed
the total cold dark matter density,
Ωstra ≤ Ωcdm , (4.5)
where Ωstra is taken from Eq. (2.11). This inequality must be imposed in two cases:
fa > Hinf/2π, corresponding to symmetry restoration during inflation
1, and fa > Trh,
corresponding to symmetry restoration after reheating. Actually, it is worth mentioning
that thermal corrections induce a positive mass-squared term m2eff = T
2
rh/12, so the precise
condition for symmetry restoration is
T 2rh/12≫ λf2a . (4.6)
Therefore, the usual statement that symmetry is restored whenever fa > Trh assumes that
the self-coupling constant λ is of the order of 0.1. We will proceed with this assumption,
but one should keep in mind that the exact condition is model-dependent.
The actual reheating temperature Trh is still unknown. This is the temperature at
which the inflaton decays, once its half life has been exceeded by the age of the universe,
that is, when H ∼ Γ. Most of the thermal energy comes from perturbative decays of the
inflaton and, assuming that the decay products are strongly interacting at high energies,





mMP ≤ 2× 1011 GeV , (4.7)
where Γ = h2effm/8π is the inflaton decay rate, which is typically proportional to the inflaton
mass, m, with heff ≤ 10−3, in order to prevent radiative corrections from spoiling the
required flatness of the inflaton potential [34]. This estimate shows the generic inefficiency
of reheating after inflation, where the scale of inflation could be of order 1015 GeV and
the reheating temperature ends being many orders of magnitude lower. For instance, for
1Note that for simplicity, we impose this condition as if Hinf was constant at least during the observable
e-folds of inflation (typically, the last sixty e-folds). In principle, the amplitude of quantum fluctuations
Hinf/2π could fall below fa precisely during the observable e-folds, see e.g. [13], but we will ignore this
possibility here.
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Starobinsky type inflation, the weak gravitational couplings give a reheating temperature
of order Trh ∼ 109 GeV, while in chaotic inflation models, typical values are of order
1010 − 1011 GeV. We can parametrize the effect on the rate of expansion by introducing
an efficiency parameter, ǫeff , such that Hrh = ǫeff Hend. Values of ǫ range from 10
−13 for
Starobinsky inflation, to order one for very low scale inflation.
Within certain low scale inflationary models, such as hybrid inflation, the efficiency of
reheating can be significant because the rate of expansion at the end of inflation is much
smaller than any other mass scale and the inflaton decays before the universe has time
to expand, therefore all the inflaton energy density gets converted into radiation. If the
reheating temperature is higher than fa it could eventually lead to a restoration of the PQ
symmetry. The subsequent spontaneous symmetry breaking would generate axionic cosmic
strings that would not be diluted away by inflation.






ǫeffHinfMP > fa , (4.8)
then we must impose the condition (4.5). In Figs. 2, 3, we have distinguished two cases: one
in which the process of reheating the universe is very inefficient (ǫeff ≤ 10−12), and there
is no thermal restoration of the PQ symmetry after inflation, and another one in which
ǫeff = 10
−4 so that the symmetry might be restored. In both cases the constraint coming
from string production and decay corresponds to the triangular (red-)shaded exclusion
region.
4.4 Cold Dark Matter produced by misalignment
The extremely low values for the coupling of axions to other particle species make it a
plausible candidate for cold dark matter. Therefore, constrains on this parameter must be
applied to the relic energy density of axions. From Eq. (2.17) we have










∼< ωcdm . (4.9)
The bounds on ωcdm from our analysis and considerations about the particular inflationary
model put severe constrains on the axion window. First, the inequality (4.9) provides a
stringent upper limit on fa if 〈Θ21f(Θ1)〉 is of order one. In particular, in the case of
complete quantum diffusion during inflation, we have seen that 〈Θ21f(Θ1)〉 = 1.2π2/3 and





This constraint is shown in Figs. 2, 3 as a dotted line, excluding the light green region.
In the absence of efficient quantum diffusion, Θ1 could take any nearly homogeneous
value in our Universe: so, it is possible in principle to assume that 〈Θ21f(Θ1)〉 is extremely
small (this coincidence can be justified by anthropic considerations2), and to relax the
2There has been plausible speculations that our presence in the universe may not be uncorrelated with
the values of the fundamental parameters in our theories. Such anthropic arguments normally arise in terms
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bound on fa. However, the mean square cannot be fine-tuned to be smaller than the
amplitude of quantum fluctuations at the end of inflation. Using Eq. (2.20), we see that








where ∆N ∼ 30 is the number of inflationary e-folds associated with scales that reentered
the Hubble radius when the QCD transition took place, see Eq. (2.21). This gives a model-
independent constraint


















otherwise it should be replaced by (4.10). This bound excludes the dark green region in
Figs. 2, 3.
4.5 Isocurvature modes
As mentioned before, the axionic field induces an isocurvature component in the CMB
anisotropies that must be considered when constraining the model. In this work, we assume
that axions are the only source of isocurvature modes. Taking expression (3.9) for the









The analysis of the next section will provide bounds on α and ωcdm. Also, it will give
constraints on the curvature power spectrum 〈|R(k)|2〉, from which one can derive a relation
between ǫk andMinf , using equation (3.4). Therefore, the amplitude of isocurvature modes
provides some independent constraints in the (Minf , fa) plane, corresponding to the central
(yellow-)shaded forbidden region in Figs. 2, 3.
We should distinguish here between two cases:
of conditional probability distributions of particular observables. In particular, the axion abundance is a
natural parameter that could be bounded by those arguments, see e.g. Refs. [13, 44] where it is suggested
that the initial misalignment angle should be such that the main CDM component be axionic. In this case,
one has a concrete prediction for Ra = Ωa/Ωcdm = 1, and therefore the initial misalignment angle is directly
related to the axion mass, see Eq. (4.9),




Having full diffusion, 〈Θ21f(Θ1)〉 ∼ 1.2π
2/3, implies ma ∼ 30µeV, just within reach of present axion dark
matter experiments. On the other hand, we might happen to live in an unusual region of the universe with
an extremely low value of 〈Θ21〉, a large value of fa and still Ra = 1.
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• Quantum de Sitter fluctuations induce PQ symmetry restoration during
inflation. We have already seen that in this case, the real and imaginary parts of
the PQ behave like light fields during inflation, thus leaving a long wave isocurva-
ture perturbation on the axion field. In this case, the above constraint from CMB
anisotropies is applicable.
• Thermal fluctuations induce PQ symmetry restoration after reheating. If
the reheating temperature is much higher than fa (more precisely, than
√
12λfa, see
Eq.(4.6)), one expects thermal fluctuations to modify the effective PQ potential and
to induce a large positive mass-squared term. In this case, the radial part is quickly
driven to zero everywhere in the universe. All previous axion fluctuations are erased
and we are left with no bounds from axion isocurvature temperature anisotropies.
So, for sufficiently large ǫeff , the isocurvature constraint does not apply above a given
line in the (Minf , fa) plane, and the allowed region is split in two parts (as in Fig. 3).
5. Results
The aim of this work is to tighten the current allowed range for fa by computing the allowed
cold dark matter and isocurvature contribution given several sets of data described below.
To explore the axionic isocurvature contribution to the CMB anisotropies power spec-
trum, we assumed a flat ΛCDM universe, with 3 species of massless neutrinos and seven
free parameters, with the same notation as in Ref. [41]: ωb, the physical baryon density,
ωcdm, the total cold dark matter density (an arbitrary fraction of which is made of axions),
θ, the angular diameter of the sound horizon at decoupling, τ , the optical depth to reion-
ization, nad, the adiabatic spectral tilt, As = ln[10
10k3〈|R|2〉], the overall normalization
of super-Hubble curvature perturbations during radiation domination at the pivot scale
k = 0.002 Mpc−1 and α, the isocurvature contribution (we sampled from |α| instead to
avoid boundary effects near the maximum likelihood region). Our data consists in CMB
data (WMAP (TT, TE and EE) [25], VSA [45], CBI [46] and ACBAR [47]); large scale
structure data (2dFGRS [48] and the SDSS [49]); and supernovae data [50, 51]. Note that
previous studies [41] indicated a very weak sensitivity of this data to niso, while in our
model niso = 1−2ǫk is very close to one. So, we safely fix niso to exactly one without mod-
ifying the results. A top-hat prior probability distribution was assigned to each parameter
inside the ranges described in table 1.
We used the Metropolis-Hastings algorithm implemented by the publicly available code
CosmoMC [52] to obtain 32 Monte Carlo Markov chains, getting a total of 1.1×105 samples.
We find a χ2/DOF = 1.01 and the worst variance of chain means over the mean of chain
variances value is 1.04 [53].
The one dimensional posterior probability distributions for sampled and derived pa-
rameters are depicted in Fig. 1. In particular, the bestfit value for α is α = 8× 10−4, and
the 2σ bound for the marginalized distribution is:
α < 0.08 at 95% c.l (5.1)
– 16 –








Table 1: Prior probability ranges of the sampled parameters.
 0.021  0.022  0.023  0.024  0.025
L
Ωb h2
 0.105  0.115  0.125  0.135
Ωcdm h2
 1.03  1.035  1.04  1.045  1.05  1.055
θ
 0  0.04  0.08  0.12  0.16
L
τ
 2.9  3  3.1  3.2  3.3
 As
 0.9  0.94  0.98  1.02
nad
 0  0.05  0.1  0.15  0.2
α
Figure 1: The one dimensional distributions of the sampled parameters.
while for Ωcdm h
2 we get:
Ωcdm h
2 = 0.123 ± 0.008 at 95% c.l. (5.2)
5.1 A (nearly) model-independent analysis
At least two bounds in the (fa,Minf) plane are completely model-independent: the upper
bound Minf < 3 × 1016 GeV, coming from the non-observation of gravitational waves in
the CMB (see Sec. 4.1) and the lower bound fa > 10
10 GeV from astrophysical constraints
(see Sec. 4.2).
When the PQ symmetry is restored at high energy, we must impose ωstra < 0.123,
where ωstra is taken from Eq. (2.11): this gives fa < 1.25 × 1011 GeV. As explained in
Secs. 4.3 and 4.5, this constraint applies when Hinf/2π > fa during inflation and also when
Trh > fa after reheating (the latter bound depends on ǫeff in each particular model; it
actually depends also on λ, see Eq. (4.6),but in this section as well as in the figures we
assume for simplicity that 12λ ≃ 1).
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Even if there is no significant axion relic density from string decay, there is one asso-
ciated with the misalignment angle mechanism. As explained in Sec. 4.4, the constraint
ωa < 0.123 gives fa < 2.5 × 1011 GeV, unless the misalignment angle is fine-tuned to very
small values. In the latter case, there is still a much weaker model-independent bound






All these bounds are summarized on Figs. 2, 3, with thick solid lines for model-independent
constraints, and dotted lines for model-dependent ones.
Let us finally discuss the impact of the isocurvature mode limit α < 0.08, which applies
as long as the PQ symmetry is not restored by thermal corrections, Trh < fa. Our results
for the amplitude of the primordial curvature spectrum gives a relation













So, the isocurvature mode limit excludes a large region in parameter space, and preserves
only two regions. The first one is present only if reheating is efficient enough, ǫeff ≥
4× 10−12, and obeys to3
1010GeV < fa < 1.2× 1011GeV , 6× 10
10GeV√
ǫeff
< Minf < 3× 1016GeV . (5.6)
The second one, for which the PQ symmetry is broken during inflation but the isocurvature
mode is too small to be excluded by current cosmological data, corresponds to
1010GeV < fa < 2.5 × 1011GeV , Minf < 8× 1012GeV , (5.7)
where we assumed that the average misalignment angle in the observable universe is of
order one: otherwise, the upper bound on fa could be relaxed significantly, while that on
Minf would only increase slightly, as fa to the power 5/24, see Eq. (5.5).
For a large class of well-known inflationary models, Minf is typically of the order
of 1015 or 1016 GeV, and the relevant allowed window (if any) is the first one. In the
next section, we feature the example of chaotic inflation with a quadratic potential. For
these high-scale models, we see that the compatibility between the PQ axion scenario and
inflation depends mainly on the reheating efficiency. However, the second window (5.7)
is also relevant, since it is possible to build low-scale inflationary model compatible with
WMAP constraints and satisfying Minf < 8 × 1012 GeV. Actually, the main motivation
for the original hybrid inflation model of Ref. [15] was precisely the possibility to evade
3Here, we still are still assuming for simplicity that λ is of the order of 0.1. If this is not the case, the
correct result is obtained by replacing the factor ǫeff by ǫeff/(12λ).
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axionic isocurvature constraints. Nowadays, many low scale inflation models can be built
in the generic framework of hybrid inflation (see Ref. [55] for a review, or [56] for a recent
example). In this case, the isocurvature perturbations carried by the axion are to small to
be constrained by current data, and under the conditions of (5.7) the PQ axion model is
perfectly viable.
5.2 Bounds for chaotic inflation with a quadratic potential
Inflation with a monomial potential V (φ) ∝ φα is usually called chaotic inflation. The
latest WMAP results combined with other data sets essentially rule out cases with α > 4,
while the quartic case α = 4 is only in marginal agreement with the data. Therefore, in




Using the COBE normalization, it is possible to prove that the mass should be of order





In particular, between Nobs and NQCD, the scale of inflation should be in the range
3× 1015GeV < Minf < 4× 1015GeV , 3× 1012GeV < Hinf < 4× 1012GeV . (5.9)
So, if fa is close to 10
10 or 1011 GeV, one has Hinf/2π ≥ fa and the PQ symmetry is
broken by quantum fluctuations during inflation. Still, the constraint from isocurvature
modes applies, unless the symmetry is restored later by thermal fluctuations. Reheating
after chaotic inflation is expected to lead to a temperature Trh of the order of 10
10 or 1011
GeV, which is precisely the allowed range for fa. So, if fa is pushed down to 10
10 GeV while
Trh is pushed up to 10
11 GeV, a very brief stage of thermal restoration could occur, and
could be sufficient for erasing isocurvature perturbations.4 We conclude that the PQ axion
model can be marginally reconciled with chaotic inflation if fa ∼ Trh ∼ 1010 − 1011 GeV.
We could hope to find a second allowed window in the case where fa is very large and
the misalignment angle is fine-tuned to a very small value (i.e., inside the light green region
in Figs. 2, 3). Note that this is not possible, at least in the case of chaotic inflation. Indeed,
if fa is much bigger than 10
11 GeV, thermal symmetry restoration after inflation cannot
take place, and isocurvature bounds are applicable. Given the value of Minf in Eq. (5.9),
the isocurvature constraint (5.5) yields fa ≥ 8× 1023GeV≫MP, which is not conceivable.
5.3 Possible loopholes
In this subsection we will explore those loopholes we have left open for the axion to be the
dominant component of cold dark matter.
4The condition for symmetry restoration is weaker when λ≪ 1, see Eq.(4.6). So, if λ is not of the order
of 0.1 but significantly smaller, the isocurvature constraint is more easily evaded.
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Figure 2: Bounds in the (Minf , fa) plane, assuming that reheating is very inefficient and the PQ
symmetry can never be thermally restored (ǫeff ≤ 4 × 10−12). The energy scale of inflation Minf
is bounded from above by r < 0.3 (top hatched) and from below by the requirement of successful
baryogenesis (bottom hatched). Possible values of the PQ scale fa lie between the regions excluded
by supernovae (left blue) and by the bound on the axionic relic density, produced by one of the
following two mechanisms: axionic string decay (red) or misalignment angle at the time of the QCD
transition (green). For the bounds related to the relic density, we use a solid line for the model
independent bound (with a minimal, fine-tuned value of the misalignment angle), and a dotted line
for the model dependent bound (with a generic misalignment angle of order one). The yellow region
is excluded by the limit on the isocurvature mode amplitude α: this is the main result of this work.
The remaining allowed region is left in white. Details are explained in the text.
5.3.1 Production of cosmic strings during reheating
Even if the reheating temperature of the universe is too low for a thermal phase transition
at the Peccei-Quinn scale, it is possible that axionic cosmic strings be formed during
preheating if the field responsible for symmetry breaking at the end of inflation is the
Peccei-Quinn field. Then, the residual global U(1) symmetry of the vaccum gives rise to
axionic cosmic strings. At present there is no prediction for what is the scaling limit of such
a mesh of strings produced during preheating. A crucial quantity that requires evaluation
is the fraction of energy density in infinite strings produced at preheating, since they are
the ones that will give the largest contribution to the axion energy density. It could then
be that axionic strings produced at preheating may be responsible for the present axion
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Figure 3: Same as previous figure, but assuming now that reheating is very efficient (ǫeff = 10
−4)
so that the the PQ symmetry is thermally restored above the dotted line. In this case, the constraint
from string production and decay (red) extends to smaller values ofMinf , but above the dotted line
and for 1010GeV < fa < 1.2× 1011GeV there is a new allowed region (corresponding to the erasure
of isocurvature perturbations in the thermal bath).
abundance. We leave for the future the investigation of this interesting possibility.
5.3.2 Axion dilution by late inflation
When imposing bounds on the axion mass from its present abundance, it is assumed that
no there is no significant late entropy production or dilution from a secondary stage of
inflation. We truly don’t know. It has been speculated that a short period of inflation
may be required for electroweak baryogenesis to proceed [57]. In such a case, a few e-
folds (N ∼ 5) of late inflation may dilute the actual axion energy density by a factor
γ = e−3N ∼ 10−7, easily evading the bounds.
6. Conclusions
In this paper, we reviewed various bounds on the cosmological scenario in which the cold
dark matter is composed of axions plus some other component (like e.g. neutralinos), and
the energy density of axions is produced by the misalignment mechanism at the time of
the QCD transition. In our model, a fraction of the cosmological perturbations consists
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of isocurvature modes related to the quantum perturbations of the axion during inflation.
We use this possible signature plus the contribution to dark matter energy density as a
tracer of axions in the universe. In that sense, this work is similar to that presented in [58].
However, we make a stronger statement about the generation of isocurvature modes in the
case in which the PQ symmetry is restored by quantum fluctuations during inflation, and
we significantly improve previous bounds coming from the non-observation of isocurvature
modes in the CMB, in particular, given the recent WMAP 3-year data.
A narrow window for the PQ scale 1010GeV < fa < 10
12 GeV still remains open, but
we show that the main consequence of recent data on cosmological perturbations is to limit
the possible energy scale of inflation in this context, in order not to have an excessively
large contribution of isocurvature perturbations to the CMB anisotropies. In particular,
we show that in the axion scenario, the energy scale of inflation cannot exceed Minf < 10
13
GeV, unless one of the two situations occurs: either reheating leads to a temperature
Trh > fa, with an efficiency parameter ǫeff ≥ 4× 10−12, and there is another allowed region
with 6× 1010ǫ−1/2eff GeV < Minf < 3× 1016 GeV; or the misalignment angle is fine-tuned to
very small values (this coincidence can be motivated by anthropic considerations) and the
upper bound Minf < 10
13 GeV can be slighly released (by at most one of magnitude).
As a consequence, if the axion scenario for CDM is valid, the chaotic inflationary model
based on a quadratic potential is only marginally allowed. It requires fa to be in the range
1010 − 1011 GeV, i.e. accessible to the next generation of axion search experiments, and
the reheating temperature to be slightly above fa. A combination of bounds from axionic
string production and isocurvature perturbations completely rules out the case in which fa
would be much bigger than the above value, while the misalignment angle would have to
be very small.
These bounds may be of interest given the present particle physics experiments search-
ing for the axion, and this in turn may help to place stringent constraints on inflationary
models. Detecting the QCD axion could shed some light on the scale of inflation and
possibly into the mechanism responsible for inflation.
In this respect, there is an intriguing possibility that the PVLAS experiment [59] may
have observed a pseudo-scalar particle coupled to photons. The nature of this particle is
yet to be decided, since its properties seem in conflict with present bounds on the axion
coupling to matter [9, 10], see however [60].
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